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Abstract 
A boundary element formulation is developed to determine the complex stress intensity 
factors associated with cracks on the interface between dissimilar materials. This represents an 
extension of the methodology developed previously by the authors for determination of free-edge 
generalized stress intensity factors on bi-material interfaces, which employs displacements and 
weighted tractions as primary variables. However, in the present work, the characteristic 
oscillating stress singularity is addressed through the introduction of complex weighting functions 
for both displacements and tractions, along with corresponding non-standard numerical 
quadrature formulas. As a result, this boundary-only approach provides extremely accurate mesh-
independent solutions for a range of two-dimensional interface crack problems. A number of 
computational examples are considered to assess the performance of the method in comparison 
with analytical solutions and previous work on the subject.  As a final application,  the method is 
applied to study the scaling behavior of epoxy-metal butt joints. 
 
1.  Introduction 
Bi-material composites and structures are prevalent throughout a broad range of natural and 
engineered systems due to the ability of such systems to take advantage of the positive attributes 
of the individual constituents and to minimize their weaknesses.  However, the interface between 
the two materials often remains as a critical region, thus limiting the overall performance of the 
composite.  For systems that can be idealized as remaining essentially in the linear elastic regime, 
the stress intensity factors at the tips of any interfacial cracks or flaws can be used as controlling 
parameters.  In the present paper, we develop a new boundary element formulation to evaluate 
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these stress intensity factors for the two-dimensional case.  The problem is complicated by the 
fact that the stress field around the interfacial crack tip is singular and log-periodic.  This, in turn, 
necessitates the calculation of a complex stress intensity factor in which the usual opening and 
shear modes are intrinsically coupled. 
 
Significant contributions toward understanding the physical and mathematical bi-material 
crack problem include the work by Muskhelishvili (1953), Williams (1959), Sih and Rice (1964), 
England (1965), Erdogan (1965), Rice and Sih (1965), Bogy (1971), Comninou (1977), 
Hutchinson et al. (1987) and Rice (1988).  In terms of computational methods, Lin and Mar 
(1976) developed the first finite element formulation to analyze a crack between dissimilar 
materials, while Barsoum (1974) introduced the concept of quarter-point elements that has been 
used successfully for a range of fracture mechanics problems.  Early work on the development of 
the boundary element method for linear elastic fracture mechanics includes that by Cruse (1978) 
and Blandford et al. (1981).  The bi-material crack problem has been addressed more recently 
within the context of a boundary element method by Lee and Choi (1988), Yuuki and Cho (1989), 
Raveendra and Banerjee (1991), Lee (1996), Lim et al. (2002) and Zhou et al. (2005). 
 
In the next section, we begin by providing the governing equations, along with an overview 
of the basic characteristics of the response for a bi-material crack in elastic media.  This is 
followed by a presentation of the existing quarter-point boundary element fracture mechanics 
formulations, including the work by Raveendra and Banerjee (1991) for the bi-material problem.  
This sets the stage for our current development of a boundary element approach that explicitly 
addresses the singular, log-periodic behavior of the solution near the crack tip.  Here we first 
consider the formulation for an elastic material bonded to a rigid body with a planar interfacial 
crack and then subsequently examine the more general bi-material problem.  Afterwards, the 
results of several numerical examples are examined in comparison with analytical solutions and 
previously published approaches and physical experiments.  The paper then finishes with some 
general conclusions. 
2.  Governing equations 
For an isotropic, linear elastic bi-material boundary value problem, the governing Navier 
equations of equilibrium in the absence of body forces can be written: 
)1(                               ,in0)( ][][,
][][
,
][][ αααααα µµλ Vuu jjiijj =++   
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where ][αu is the displacement vector, ][αλ  and ][αµ  are the Lame elastic constants, and ][αV  
represents the volume occupied by material α  with 2,1=α  for the two bodies.  In (1) and 
subsequently, the usual indicial notation is employed for Latin indices.  Besides these equilibrium 
equations, boundary conditions must be specified to form a well-posed problem.  Here, we let 
)2(                               ,on~ ][][][ aSu
ααα uu =  
)2(                                ,on~ ][][][ bSt
ααα tt =  
as the Dirichlet and Neumann conditions, respectively, with ][αt  representing the surface 
tractions.  Meanwhile on the interface between the two bodies 
)3(                                  ,on]2[]1[ aSbuu =  
)3(                                  ,on]2[]1[ bSbtt −=  
and also 
)3(                                    .on ][][ cSc
αα 0t =  
 
With this definition, when an interface crack does exist, the crack surfaces are included in 
][α
cS , while the remaining bonded portion of the interface forms bS .  Furthermore, we know from 
a local elastic eigen-analysis (Hutchinson et al., 1987; Rice, 1988), the stresses σ  at the crack tip 
are singular.   Assuming a cracked planar interfacial surface, as shown in Fig. 1, the stresses 
behave in the following manner: 
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where 1 2K KK i= +  is the complex stress intensity factor and 
1 ln( ) ,                                   (5)
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Fig. 1. Bi-material interfacial crack definition 
 
Thus, for the general case, an oscillatory singular stress distribution obtains near the crack tip.  
Also, the convenient decomposition of response into opening (mode I) and shear (mode II) 
deformation patterns, which occurs in the cracked isotropic case, is no longer possible.   Instead, 
the intrinsic coupling of these modes produces a characteristically distinct response for the bi-
material case.  An exception arises when the constitutive parameter µν /)21( −  is identical for 
both materials.  Then, the fracture modes again uncouple. 
 
There are additional interesting features associated with a bi-material interface crack.  For 
example, we should mention that the usual invariance of scale, which appears in the near field for 
the case of a crack in a single isotropic material, is replaced by discrete scale invariance for 0≠ε  
(Sornette, 1998).  This suggests fundamentally different behavior of the bi-material interface 
crack and an association with many other critical phenomena exhibiting log-periodic character, 
such as percolation, biological growth and perhaps turbulence (Sornette, 1998).  Much more 
insight is required to understand fully the physics of the problem.  However, in the present work, 
our primary focus is on the accurate evaluation of the complex stress intensity factor K that 
characterizes the crack tip stress field.  In the next section, we provide a review of some existing 
approaches. 
θ 
r
x2
x1 Interface
Crack
Pµ[1],ν[1] 
µ[2],ν[2] 
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3.  Boundary integral formulations  
In linear elastic fracture mechanics, boundary element methods eliminate the need for domain 
discretization and permit accurate resolution of surface-based field variables, thus providing an 
almost ideal computational setting for the evaluation of stress intensity factors (Banerjee, 1994; 
Watson, 1995; Cruse, 1996).  The starting point for a boundary element formulation is an integral 
representation of the problem defined in (1)-(3).  This can be written in the following form for 
each of the two material bodies: 
[ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]( ) ( ) ( , ) ( )d ( ) ( , ) ( )d ( ) ,       (8)ij j ij j ij j
S S
C u F x u x S x G x t x S x
α α
α α α α α αξ ξ ξ ξ+ =∫ ∫  
where ),(][ xGij ξα  and ),(][ xFij ξα  are the singular Kelvin kernel functions, while )(][ ξαijC  
represents the local geometry at the point  ξ .   For plane strain, 
)9(                                   
1
ln)43(
)1(8
1
),( azz
r
xG jiijij ⎥⎦
⎤⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛ +−−= δννπµξ  
)9()(21(
)1(4
1
),( ][ 2) bnznz
r
xF kkjikkijijjiij nzzznz ++−−−−= δννπξ  
with ))((2 iiii xxr −−= ξξ , rxz iii /)( −= ξ ,  and n  representing the outward unit normal vector at 
each location x  on the boundary. 
 
A traditional boundary element method (BEM) can be developed through the straightforward 
discretization of (8) for each body independently.  For example, one may employ standard 
quadratic shape functions to represent both the boundary displacements and tractions, and then 
utilize the method of collocation to form a set of linear algebraic equations in the following form:  
)10(                                          ,2,1for][][][][ == ααααα TGUF  
where now the ][αijC  coefficients are incorporated within the 
][αF  matrix.  After collecting all of 
the unknowns in a vector u and applying the boundary and interface conditions, the discrete 
boundary element equations ultimately can be written in the following form: 
)11(                                          .vAu =  
and solved using either Gaussian elimination or a preconditioned iterative method.   
 
However, for meaningful evaluation of the stress intensity factor, special treatment is required 
due to the singular nature of the near crack tip tractions.  Blandford et al. (1981) introduced 
special quarter-point boundary elements in an attempt to resolve this difficulty.  For the 
displacement field adjacent to the crack tip, quarter-point elements are employed using a 
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formulation taken directly from the finite element literature (Barsoum, 1974).  Thus, in two-
dimensions, standard three-noded quadratic shape functions are utilized for the boundary 
displacement, but with the mid-nodes shifted to a position one-quarter of the element length from 
the crack tip.  This provides the proper r  displacement variation for cracks in a single isotropic 
material.  On the other hand, because the traction variation for that same case is r/1 , Blandford 
et al. (1981)  developed a traction-singular modified shape function to account for this variation 
within the element adjacent to the tip. Unfortunately, the resulting traction variables within the 
element, and particularly at the crack tip, usually do not provide reliable data for estimation of the 
stress intensity factor.  Instead, crack-opening displacements are normally employed.  Thus, for a 
single material crack oriented along the negative 1x -axis, the stress intensity factors are computed 
from the following relationship: 
2 1
2 ,                                    (12)
1
( )I IIK i K u i ur
µ π
κ+ = ∆ + ∆+  
where IK  and IIK  are the mode I and mode II stress intensity factors, respectively, while 2u∆  
and 1u∆  represent the corresponding crack opening displacements a distance r  from the tip. 
 
The methodology outlined above is quite standard now, and a similar approach has been 
adopted for a range of fracture mechanics problems, including those involving thermoelastic 
behavior, dynamics and three-dimensional response.  
One extension of this approach to bi-material interface cracks was examined by Raveendra 
and Banerjee (1991).  In this work, the authors utilize the same quarter-point displacement and 
traction-singular elements to represent the surface variables adjacent to the crack tip.  Thus, the 
characteristic oscillatory near-field behavior is not addressed explicitly in the element 
formulation.  In fact, the boundary value problem is solved in exactly the same way as for a single 
material crack.  However, the subsequent calculation of the stress intensity factor is modified to 
account for log-periodic response.  The resulting post-processing operation can be written in the 
following form: 
)13(                        ,
2
)lnexp(
)cosh()21(2 )( 12]2[]1[ uiurri
i
K ∆+∆−+
+= πεββ
πεε  
where  
[ ]
[ ]
[ ]
1 .                                    (14)
αα
α
κβ µ
+=  
Notice that (13) reduces to (12) for the case with 0=ε . 
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4.  Complex weighting function boundary integral formulations  
4.1. Introduction 
With this background in mind, we now develop a boundary integral formulation for the bi-
material crack problem that explicitly considers the behavior of the deformation and stress fields 
near the tip.  In particular, we account for the singular, log-periodic stress fields.  However, before 
tackling the bi-material problem, we first examine the response of a single linear elastic isotropic 
medium bonded to a rigid body along a portion of the interface, since this also exhibits oscillatory 
singular behavior. 
 
4.2. Elastic-rigid interfacial crack 
Consider the idealized situation depicted in Fig. 2.  From the corresponding elasticity 
solution, we find that the stresses near the crack tip again follow power law behavior with a 
complex power, as indicated in (4).  The only exception occurs when the elastic medium is 
incompressible, in which case 2/1=ν .  Then from (5)-(7), we have 0=ε . 
                                          
Fig. 2. Elastic-rigid interfacial crack definition 
 
Using the Muskhelishvili-Kolosov formalism (Muskhelishvili, 1953), we may write the 
displacement and stress fields surrounding the crack in terms of complex potentials Φ  and Ψ .  
That is, 
1 22 ( ) ( ) ( ) ( )                            (15)u iu z z z zµ κ ′+ = Φ − Φ − Ψ  
( )11 22 2 ( ) ( )                                     (16 )z z aσ σ ′ ′+ = Φ + Φ  
θ 
r
x2
x1 Interface
Crack
P
µ, ν  
Rigid Body 
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22 12 ( ) ( ) ( ) ( )                       (16 )i z z z z z bσ σ ′ ′ ′′ ′− = Φ + Φ + Φ + Ψ  
where iz re θ= , primes denote derivatives with respect to z , and the overbars represent the 
complex conjugate. The potentials Φ  and Ψ  are analytic everywhere, except at the crack tip.  
Therefore, we take 
( ) ,                               (17 )z Az Bz aλ λΦ = +  
( ) ,                               (17 )z Cz Dz bλ λΨ = +  
and enforce the following homogeneous boundary conditions: 
( )1 2 0 0,                                   (18 )u iu aθ =+ =  
22 12( ) 0.                                  (18 )i bθ πσσ =− =  
 
The corresponding characteristic equation becomes 
2 0,                            (19)ie πλ κ+ =  
along with the following relationships 
                 A b ic= + , 0B = , C Aλ= − , ,                         (20)D kA=  
where b  and c  are real-valued.  Then, the eigenvalues can be written as 
1 for 0,1,2, (21)
2n
n i nλ ε= + − = …  
with 
1 ln( ).                             (22)
2
ε κπ=  
Notice that from (6) for ∞→]2[µ , we have [1]κˆ κ κ= = .  Thus, (22) is entirely consistent with 
the relation (5) for general bi-material interface cracks.   
 
Of course, we are not only interested in the eigenvalues, but also the eigenfunctions.  Thus, 
on the fixed side, we find 
1 2 0( ) 0,                                (23 )u iu aθ =+ =  
1
22 12 20 01( ) (1 ) ( ) (23 ),       i A r t it b
λ
θ θσσ λ κ −= =− = + = − −  
while on the free side 
1 2
( 2)2 ( ) ( ) ,      (24 )i i i iu iu Ar e e Ar e e aλ λπ λπ λ
θ π
λπ λ πµ κ λ−
=
− − −⎡ ⎤+ = − + −⎣ ⎦  
2 1( ) 0.                           (24 )t it bθ π=− − =  
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Next we define analytic weighted displacements v  and weighted tractions s  consistent with 
these eigenfunctions.  More specifically, we let 
1 1 2
2
1
2
cos( ln ) sin( ln )
2 (1 )             (25 )
sin( ln ) cos( ln )
u vr r
r a
vr ru
θ π
ε εµ κ κ ε ε
=
⎧ ⎫ − ⎧ ⎫⎡ ⎤⎪ ⎪ = +⎨ ⎬ ⎨ ⎬⎢ ⎥⎣ ⎦ ⎩ ⎭⎪ ⎪⎩ ⎭
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1 1
2 2
t s
r r r b
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ε ε
κ ε ε
ε ε
−
=
⎧ ⎫⎡ ⎤ ⎡ ⎤− − −⎧ ⎫ ⎪ ⎪⎢ ⎥ ⎢ ⎥ ⎧ ⎫⎪ ⎪ ⎪ ⎪+ +⎢ ⎥ ⎢ ⎥⎨ ⎬ ⎨ ⎬⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎩ ⎭⎪ ⎪ ⎪ ⎪⎩ ⎭ − − −⎢ ⎥ ⎢ ⎥⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭
=  
where 
1
2
0 1 22
0 0 1 2
( 1)                        (26 )nn n
n n
v c c c c
r r r a
b b b bv
∞
=
⎧ ⎫ ⎧ ⎫ ⎧ ⎫ ⎧ ⎫ ⎧ ⎫⎪ ⎪ = − = − + −∑⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎩ ⎭ ⎩ ⎭⎩ ⎭ ⎩ ⎭⎪ ⎪⎩ ⎭
?  
2
1
20 22
1 1( )
2 2         (26 )1 1 1( )4 2 2
n
n
n n
n n cs r b
bs n n
ε ε
ε ε ε
∞
=
⎡ ⎤+ +⎢ ⎥ ⎧ ⎫⎧ ⎫ ∑ ⎢ ⎥⎨ ⎬ ⎨ ⎬⎢ ⎥⎩ ⎭ ⎩ ⎭+ − + +⎢ ⎥⎣ ⎦
=  
Note that from (25) and (26), at 0r = , we have 1 1(0) (0)v s=  and 2 2(0) (0)v s= .  Furthermore, 
from (4), (23b) and (25b), we can write the complex stress intensity factor as 
( )1/2 2 11) (1 ) (0) (0) (27)2(2 i s isK π κ ε⎛ ⎞+ + −⎜ ⎟⎝ ⎠=  
Now we introduce these weighted variables into the boundary integral representation through 
a change of variable.  Thus, for the single region with 1=α , (8) is rewritten as 
( ) ( ) ( , ( ) ( ) ( ) ( , ) ( ) ( ) ) (28)u tij j ij jk k ij jk k
S S
C u F ξ x)W x v x dS x G x W x s x dS(xξ ξ ξ+ =∫ ∫  
where uW  and tW  are the weight matrices defined in the following manner: 
1 2 cos( ln ) sin( ln )(1 )                       (29 )
sin( ln ) cos( ln )2
u r rr a
r r
ε εκ κ
ε εµ
−⎡ ⎤+= ⎢ ⎥⎣ ⎦
W  
1 2 1 2
1 1
2 2(1 ) cos( ln ) (1 ) sin( ln )           (29 )
1 1
2 2
t r r r r b
ε ε
κ ε κ ε
ε ε
− −
⎡ ⎤ ⎡ ⎤− − −⎢ ⎥ ⎢ ⎥= + + +⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥− − −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
W  
For the numerical implementation, we employ the usual quadratic shape functions to represent v  
and s .  Thus, 
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1 1 2 2 3 3( ) ( ) ( ) ( ) (30 )                       r N r N r N r a= + +v V V V  
1 1 2 2 3 3( ) ( ) ( ) ( ) (30 )                          r N r N r N r b= + +s S S S  
with 
1 2( ) 2 3 1,                             (31 )N r aη η= − +  
2 2( ) 4 4 ,                                (31 )N r bη η= −  
3 2( ) 2 ,                             (31 )N r cη η= −  
and /r Lη =  for an element of length L  adjacent to the crack tip. 
 
4.3. Bi-material interfacial crack 
Now we describe the extension of this methodology to the bi-material problem, illustrated 
initially in Fig. 1.  Within the Muskhelishvili-Kolosov formalism, we define complex potentials 
][αΦ  and ][αΨ ,which are analytic everywhere in their corresponding domains, except at the crack 
tip.  Therefore, we take for Domain 1 
1
[1]
1( ) ,                               (32 )z A z B z a
λ λΦ = +  
1
[1]
1( ) ,                               (32 )z C z D z b
λ λΨ = +  
and for Domain 2 
2
[2]
2( ) ,                               (32 )z A z B z c
λ λΦ = +  
2
[2]
2( ) ,                               (32 )z C z D z d
λ λΨ = +  
Then, after enforcing the following interface relationships and homogeneous boundary 
conditions: 
( ) ( )[1] [2]1 2 1 20 0 ,                            (33 )u iu u iu aθ θ= =+ = +  
[1] [2]
22 12 22 120 0( ) ( )                                  (33 )i i bθ θσ σσσ = =− = −  
[1]
22 12( ) 0                                  (33 )i cθ πσσ =− =  
[2]
22 12( ) 0.                                  (33 )i dθ πσσ =−− =  
we see that the terms involving the coefficients 1B and 2B  could have been ignored from 
beginning, since 1 2 0B B= = .  However, we should mention that these coefficients are not zero 
for the case of a general notch. 
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Then, the problem reduces to the solution of the characteristic equation 
( )4 21 0                     (3ˆ 4ˆ )i ie eπλ πλκ κ− − − =  
for κˆ  defined as in (6), along with the relationships 
( ) ( )[2] [1] [1] [2]1 1 2 2 (35 )A D A D aµ κ µ κ− = −  
( ) ( )[2] [11 1 2 2] (35 )A C A bCµ λ µ λ+ = +  
1 1 2 2 (35 )A D A D c+ = +  
1 1 (35 )dC Aλ= −  
2 2 (35 )eC Aλ= −  
2
1 1 (35 )
iD A fe πλ= −  
2
2 2 (35 )
iD A e gπλ−= −  
The characteristic equation (34) decomposes to two equations: 
2 1                                                 (36 )ie aπλ =  
2                     (36 )ˆie bπλ κ= −  
with corresponding sets of eigenvalues 
for 0,1,2, (37 )n n n aλ = = …  
1 for 0,1,2, (37 )
2n
n i n bλ ε= + − = …  
where again 
                                  
1 ln( ), (38
2
ˆ )κε π=  
 
4.3.3 Set A: Integer eigenvalues and corresponding eigenmodes 
We first consider modes associated with (36a) and (37a), which contain no singularity. In this 
case, 
( )
( )
[2] [1] [1]
2
[2][1] [2
1
]
1
1
(39 )A
A
aββ
µ κ
µ κ
+= =+  
1 1 (39 )bC Aλ= −  
2 2 (39 )cC Aλ= −  
1 1 (39 )D A d= −  
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2 2 (39 )D A e= −  
 
In Domain 1, we have 
( ) ( ) ( )[1] [1] 2[1]1 2 1 1 (402 ( ) )i nn in in n inn n nu iu A r e e an A r e e θθ θ θµ κ − −− −⎡ ⎤⎡ ⎤+ = + + −⎢ ⎥⎣ ⎦ ⎣ ⎦  
( ) ( ) ( ) ( ) ( )1 11 111 22 1 1[1] (2 02 4 )i n i nn nn nn A r e n A r beθ θσ σ − − −− −+ = +  
( ) ( ) ( )( ) ( ) ( )3 1[1] 1 122 12 1 1( ) 2 s (40 )in 1 1 i n i nn nn n ni in A r n n n A r e e cθ θσ θσ − − − −− − ⎡ ⎤− = − + − −⎢ ⎥⎣ ⎦  
Then, for the interface and free edges, we have 
( ) ( )[1]1 2 1 1,1] 0[2 (41 )( ) 1 nn nu iu A r aθµ κ=+ = +  
( ) ( ) ( )[1]2] 1 1 1[1 ,2 (4 )( ) 1 1 1n nn n bu iu A rθ πµ κ=+ = − +  
( ) ( )[1] 111 22 1 1, 0 (4( ) 2 1 )nn n nn A cA rθσ σ −= ⎡ ⎤+ = +⎣ ⎦  
[1]
22 12 , 0( ) (0 41 )ni dθσ σ =− =  
( ) ( )[1] 111 1 1, 0( ) 2 (41 )nn n nn A A r eθσ −= ⎡ ⎤= +⎣ ⎦  
( ) ( ) ( ) 1[1]11 1 1, (( 41 )) 2 nn n nn A A r fθ πσ −= ⎡ ⎤= + −⎣ ⎦  
Interestingly, from (41d), we find that there is no traction on the interface for this set of modes. 
 
In Domain 2, we find 
( ) ( ) ( )2[2]1 2[ ] 2 22 2 (422 ) )( i nn in in n inn n nu iu A r e e n A e e ar θθ θ θµ κ − −− −⎡ ⎤⎡ ⎤+ = + + −⎢ ⎥⎣ ⎦ ⎣ ⎦  
( ) ( ) ( ) ( ) ( )[2] 1 11 111 22 2 22 2 (42 )i n i nn nn n n bn A r e n A r eθ θσ σ − − −− −+ = +  
( ) ( ) ( )( ) ( ) ( )3 1[2] 1 122 12 2 2( ) 2 s )1 21 (in 4i n i nn nn n ni in A r n n n cA r e eθ θσ σ θ − − − −− − ⎡ ⎤− = − + − −⎢ ⎥⎣ ⎦  
and, consequently, 
( ) ( )[2]1 2 2 2,2] 0[2 (43 )( ) 1 nn nu iu A r aθµ κ=+ = +  
( ) ( ) ( )[2]2] 1 2 2[2 ,2 (4 )( ) 1 1 3n nn n bu iu A rθ πµ κ=+ = − +  
[2]
22 12 , 0( ) (0 43 )ni cθσ σ =− =  
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From (41b) and (43b), we see that the displacements are the same on both free edges. 
Therefore, the responses of Domains 1 and 2 are such that there is no discontinuity in the 
deformation on the interface and crack edges. Therefore, these modes represent a deformation of 
the body, as if there were no crack, which of course is compatible with having no singularity in 
these modes.  
 
For the combination of these modes 
( ) [ ][ ] ( )
1
1 2 10 1 02
44 )1 (nnn
u iu A r aθ
κ
µ
∞
= =
++ = ∑  
( ) [ ][ ] ( ) ( )
1
1 2 1, 1 0
(441
2
)1 n nnn
u iu A r bθ π π
κ
µ
∞
= − =
++ = −∑  
( )22 12 0 0 (44 )i cθσ σ =− =  
which gives 
[ ]
[ ]
[ ]
[ ]
1
2
1 1
0 1 22
1 1
0 1 2
0
1 1             (45 )
2 2
A
n n
n
u b b c c
r r r a
c c b bu θ
κ κ
µ µ=
⎧ ⎫ ⎡ ⎤⎧ ⎫ ⎧ ⎫ ⎧ ⎫ ⎧ ⎫+ +⎪ ⎪ = = + + +⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥⎩ ⎭ ⎩ ⎭⎩ ⎭ ⎩ ⎭⎪ ⎪ ⎣ ⎦⎩ ⎭
?  
[ ]
[ ]
1
2
1
0 1 22
1
0 1 2
1                        (45 )
2
Au b c c
r r b
c b bu θ π
κ
µ=
⎧ ⎫ ⎡ ⎤⎧ ⎫ ⎧ ⎫ ⎧ ⎫+⎪ ⎪ = − + −⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥⎩ ⎭ ⎩ ⎭⎩ ⎭⎪ ⎪ ⎣ ⎦⎩ ⎭
?  
1
2 0
0                                                 (45 )
At
c
t θ =
⎧ ⎫⎪ ⎪ =⎨ ⎬⎪ ⎪⎩ ⎭
 
where the superscript A  indicates modes from Set A.  We find that the case 0n =  corresponds to 
rigid body translations in the 1x  and 2x  directions, whereas the case 1n =  is a combination of 
tension in the 1x  direction and rotation. 
 
4.3.3 Set B: Complex eigenvalues and corresponding eigenmodes 
Next, we examine modes associated with (36b) and (37b), which yield the relations 
[1] [2] [1]
[2] [1] [2
2
]
1
ˆ (46 )aA
A
µ µ κ
µ µ κ κ
+= =+  
1 1 (46 )bC Aλ= −  
2 2 (46 )cC Aλ= −  
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2
1 1 (46 )
iD A de πλ= −  
2
2 2 (46 )
iD A e eπλ−= −  
 
In Domain 1, we have 
( ) ( ) ( )22[1]1[1] 2 1 1 1 (472 ( ) )nn n n n n n ii i i in nn nu iu A r e e e A r e e aλ θλ λ θ πλ λ θ λ λ θµ κ λ − −− −⎡ ⎤⎡ ⎤+ = + + −⎢ ⎥⎣ ⎦ ⎣ ⎦  
( ) ( ) ( )
( )( ) ( ) ( )
1 11 2[1]
22 12 1
3 11
1 (47
(
)
)
1
n nn n
n nn
i ii
n n n
i i
n n n
i A r
e b
e e e
A r e
λ θ λ θλ πλ
λ θ λ θλ
σ λ
λ
σ
λ
− − −−
− − − −−
⎡ ⎤− = +⎢ ⎥⎣ ⎦
⎡ ⎤+ − −⎢ ⎥⎣ ⎦
 
We see that the first eigenmode 0n =  in this set with eigenvalue 
0 ( )
1
2
48iλ ε= −  
gives rise to the singularity of stress at the crack tip.   
For general n , the interface and free edges respond as 
( ) ( ) [ ] [ ][ ] [ ] [ ]( )
11 2
[1] 2
1 2 1, 0 2 2 1
(49 )1
2
n i
n n au iu A r
ε
θ
κ κ
µ κ µ
+ −
=
−+ =
+
 
( ) ( ) [ ][ ]
11
[1] 2
1 2 1, 1
1 ˆ (49 )
2
n i
n nu iu A bi r
ε
θ π κκµ
+ −
=
++ =  
( ) ( ) ( ) 1[1] 222 12 1, 0 ˆ (49 )1 12
n i
n ni A n i r c
ε
θ κσ σ ε
− −
=
⎛ ⎞− = + − +⎜ ⎟⎝ ⎠  
Therefore, for the overall combination of these modes, we find 
( ) [ ] [ ][ ] [ ] [ ]( ) ( )
11 2
[1] 2
1 2 12 2 1 00
1 (50
2
)
n i
nn
u u A r ai θ
εκ κ
µ κ µ
∞ + −
==
−+ = ∑
+
 
( ) [ ][ ] ( )
11
[1] 2
1 2 11 0
ˆ (501
2
)
n i
nn
u i i r bu A
ε
θ π κκµ
∞ + −
= =
++ = ∑  
( ) ( ) ( ) 1[1] 222 12 10 0
11
2
ˆ (50 )
n i
nn
i A n i r c
ε
θσ εκσ
∞ − −
= =
⎛ ⎞− = + + −∑ ⎜ ⎟⎝ ⎠  
 
In Domain 2, we obtain in general 
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( )
( ) ( )
2[2[2] [2]]
1 2 2
2
2 (51 )
2 ( ) n n n n
nn n
i i i
n n
ii
n n
u iu A r e e e
A r e e a
λ λ θ πλ λ θ
λ θλ λ θ
µ κ
λ
− −
− −−
⎡ ⎤+ = +⎣ ⎦
⎡ ⎤+ −⎢ ⎥⎣ ⎦
 
( ) ( ) ( )
( )( ) ( ) ( )
1 11 2[2]
22 12 2
3 11
2 (51
(
)
)
1
n nn n
n nn
i ii
n n n
i i
n n n
i A r
e b
e e e
A r e
λ θ λ θλ πλ
λ θ λ θλ
σ λ
λ
σ
λ
− − −−
− − − −−
⎡ ⎤− = +⎢ ⎥⎣ ⎦
⎡ ⎤+ − −⎢ ⎥⎣ ⎦
 
and for the interface and free edges, we have 
( ) ( )
12
[2]
[2
2
1 2 2,
]
[2]0 (52
2 )
ni n i
n n
eu iu A r a
πλ ε
θ
κ
µ
− + −
=
++ =  
( ) ( ) [ ][ ]
12
[2] 2
1 2 2, 2
1 ˆ (52 )
2
n i
n nu iu i A r b
ε
θ π κκµ
+ −
=−
++ = −  
which in terms of ( )nA1 become 
( ) ( ) [ ] [ ][ ] [ ] [ ]( )
11 2
[2] 2
1 2 1, 0 2 2 1
(53 )1
2
n i
n n au iu A r
ε
θ
κ κ
µ κ µ
+ −
=
−+ =
+
 
( ) ( ) [ ][ ]
12
[2] 2
1 2 1, 2
1 ˆ (53 )
2
n i
n nu iu i A r b
ε
θ π κκµ
+ −
=−
++ = −  
 
Therefore, for the combination of these modes, we have 
( ) [ ] [ ][ ] [ ] [ ]( ) ( )
11 2
[1,2] 2
1 2 10 2 2 1 0
(5 )1
2
4
i n
nn
u iu r A ar
ε
θ
κ κ
µ κ µ
∞−
= =
−+ = ∑
+
 
( ) [ ][ ] ( )
11
[1] 2
1 2 11 0
( 41 ˆ 5 )
2
i n
nn
u iu r i A r b
ε
θ π
κ
µ κ
∞−
= =
++ = ∑  
( ) [ ][ ] ( )
12
[2] 2
1 2 12 0
ˆ (54 )1
2
i n
nn
u iu r i A r c
ε
θ π κκµ
∞−
=− =
++ = − ∑  
( ) ( ) ( )
2
1
[1,2] 2
22 12 10 20
1
ˆ (54 )
1
1 2 21 12
4
i n
nn
n in
i r i A r d
ε
θ
ε ε
σ σ ε
ε
κ ∞− −= =
⎛ ⎞+ + +⎜ ⎟⎛ ⎞ ⎝ ⎠− = + − ∑⎜ ⎟⎝ ⎠ +
 
or, in vector form, the interfacial displacements can be written 
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[ ] [ ]
[ ] [ ] [ ]( ) ( ) ( )( ) ( )12
[1,2]
1 2
1 2
2 2 1 0
0
sin ln cos ln1
cos ln sin ln2
(55 )nn
n n
u cr r
r r
br r
a
u θ
ε εκ κ
ε εµ κ µ
∞
==
⎧ ⎫ ⎡ ⎤ ⎧ ⎫−⎪ ⎪ = ∑⎨ ⎬ ⎨ ⎬⎢ ⎥− ⎩ ⎭+ ⎣ ⎦⎪ ⎪⎩ ⎭
 
[ ]
[ ]
1 1 2
2
[1]
1
1 0
cos( ln ) sin( ln )1             (55 )
sin( ln ) cos(
ˆ
ln )2
nn
n n
u cr r
r r b
br ru θ π
κ ε εκ ε εµ
∞
==
⎧ ⎫ − ⎧ ⎫⎡ ⎤+⎪ ⎪ = ∑⎨ ⎬ ⎨ ⎬⎢ ⎥⎣ ⎦ ⎩ ⎭⎪ ⎪⎩ ⎭
 
[ ]
[ ]
1 1 2
2
[2]
2
2 0
cos( ln ) sin( ln )1            (55 )
sin( ln ) cos( ln2
ˆ
)
nn
n n
u cr r
r r c
br ru θ π
εκ εκ ε εµ
∞
==−
⎧ ⎫ − ⎧ ⎫⎡ ⎤+⎪ ⎪ = ∑⎨ ⎬ ⎨ ⎬⎢ ⎥− −⎣ ⎦ ⎩ ⎭⎪ ⎪⎩ ⎭
 
 and the traction on the interface acting on Domain 2 is 
( )1 12 1 2
2 22
[2]
0 0
2
20 2
1 1cos( ln ) sin( ln ) cos( ln ) sin( ln )
2 21
1 1cos( ln ) sin( ln ) cos( ln ) sin( ln )
2 2
1 1( )
2 2
1 1 1(
ˆ
)4 2 2
n
n
r r r rt
r
t r r r r
n nr
n n
θ θ
ε ε ε ε ε ε
ε ε ε ε ε ε
ε ε
ε
κ
ε ε
σ
σ
−
= =
∞
=
⎡ ⎤− + +⎧ ⎫ ⎧ ⎫ ⎢ ⎥⎪ ⎪ ⎪ ⎪= = + ⎢ ⎥⎨ ⎬ ⎨ ⎬ ⎢ ⎥⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭ + −⎢ ⎥⎣ ⎦
⎡ ⎤+ +⎢ ⎥× ∑ ⎢ ⎥⎢+ − + +⎢⎣ ⎦
                            (55 )n
n
c
d
b
⎧ ⎫⎨ ⎬⎥ ⎩ ⎭⎥
 
Finally, we obtain 
[ ] [ ]
[ ] [ ] [ ]( ) ( ) ( )12
[1,2],
1 2
11 2
2 2 1 2
0
0 1 1 01 cos ln sin ln
1 0 0 12
(56 )
B
u v
r r r
vu
a
θ
κ κ ε ε
µ κ µ=
⎧ ⎫ ⎧ ⎫⎧ ⎫⎡ ⎤ ⎡ ⎤−⎪ ⎪ ⎪ ⎪= +⎨ ⎬ ⎨ ⎬⎨ ⎬⎢ ⎥ ⎢ ⎥−⎪ ⎪⎣ ⎦ ⎣ ⎦ ⎩ ⎭+ ⎩ ⎭⎪ ⎪⎩ ⎭
 
[ ]
[ ] ( ) ( )1 1 2
2
[1],
1
1
1
2
1 0 0 11 cos ln sin ln (56 )
0 1 1 02
ˆ
Bu v
r r r b
vu θ π
κ εµ κ ε=
⎧ ⎫ ⎧ ⎫− ⎧ ⎫⎡ ⎤ ⎡ ⎤+⎪ ⎪ ⎪ ⎪= +⎨ ⎬ ⎨ ⎬⎨ ⎬⎢ ⎥ ⎢ ⎥⎪ ⎪⎣ ⎦ ⎣ ⎦ ⎩ ⎭⎩ ⎭⎪ ⎪⎩ ⎭
 
[ ]
[ ] ( ) ( )1 1 2
2
[2],
2
1
2
2
1 0 0 11 cos ln sin ln (56 )
0 1 1 02
ˆ
Bu v
r r r c
vu θ π
κ ε εµ κ=−
⎧ ⎫ ⎧ ⎫− ⎧ ⎫⎡ ⎤ ⎡ ⎤+⎪ ⎪ ⎪ ⎪= +⎨ ⎬ ⎨ ⎬⎨ ⎬⎢ ⎥ ⎢ ⎥− −⎪ ⎪⎣ ⎦ ⎣ ⎦ ⎩ ⎭⎩ ⎭⎪ ⎪⎩ ⎭
 
( )1 1 1 2
2 2
[1], [2],
1
2
0 0
ˆ
1 1
2 21 cos( ln ) sin( ln ) (56 )
1 1
2 2
B Bt t s
r r r d
st tθ θ
ε ε
ε ε
ε ε
κ −
= =
⎧ ⎫⎡ ⎤ ⎡ ⎤− − −⎧ ⎫ ⎧ ⎫ ⎪ ⎪⎢ ⎥ ⎢ ⎥ ⎧ ⎫⎪ ⎪ ⎪ ⎪ ⎪ ⎪= − = + +⎢ ⎥ ⎢ ⎥⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎩ ⎭⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭ − − −⎢ ⎥ ⎢ ⎥⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭
 
where the superscript B  indicates modes from Set B and 
01 1 22
0 02 1 2
  (57 )nn
n n
c cv c c
r r r
b bv b b
a
∞
=
⎧ ⎫ ⎧ ⎫⎧ ⎫ ⎧ ⎫ ⎧ ⎫= + + +∑⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎩ ⎭ ⎩ ⎭ ⎩ ⎭⎩ ⎭ ⎩ ⎭
= ?  
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2
1
20 22
1 1( )
2 2   1 1 1( )4 2 2
(57 )n
n
n n
n n cr
bs n n
b
s ε ε
ε ε ε
∞
=
⎡ ⎤+ +⎢ ⎥ ⎧ ⎫⎧ ⎫ ∑ ⎢ ⎥⎨ ⎬ ⎨ ⎬⎢ ⎥⎩ ⎭ ⎩ ⎭+ − + +⎢ ⎥⎣ ⎦
=  
Notice again that at the crack tip, 1 1(0) (0)v s=  and 2 2(0) (0)v s= .  Meanwhile, the complex stress 
intensity factor can be written as 
( )1/2 2 11ˆ) (1 ) (0) (0) (58(2 )2K i s isπ κ ⎛ ⎞+ + −⎜ ⎟⎝ ⎠= ε  
4.3.3 Overall response 
The combination of both sets of eigenmodes gives the general elastic solution as  
(59 )A Bj j ju u u a= +  
(59 )A Bj j jt t t b= +  
As was the case for the elastic-rigid interfacial crack of Section 4.2, weighted displacements and 
tractions become the primary variables on the interface. However, we must also include a linear 
displacement term, where A Aj j jk ku U a x= +  in which AjU  is crack tip displacement and kjk xa  is a 
combination of tension in the 1x  direction and rotation. Therefore, 
0) ( )( 6A uj j jk k jk ku U a x W x v a= + +  
(60 )( )tj jk kt W x s b=  
where these weights are defined such that at the crack tip 
( ) ( ) (0 0 61)k kv s=  
Thus, the weight matrices uW  and tW  are defined in the following manner: 
[ ] [ ]
[ ] [ ] [ ]( ) ( ) ( )
1 2
1 2
0 2 2 1
0 1 1 01 cos ln sin ln
1 0 0 1
(62
2
)uW r r r aθ
κ κ ε ε
µ κ µ=
⎧ ⎫⎡ ⎤ ⎡ ⎤− ⎪ ⎪= +⎨ ⎬⎢ ⎥ ⎢ ⎥−⎪ ⎪⎣ ⎦ ⎣ ⎦+ ⎩ ⎭
 
[ ]
[ ] ( ) ( )1 2
1
1
1 0 0 11 cos ln sin ln             (62 )
0 1 1 0
ˆ
2
uW r r r bθ π
κ ε εκµ=
⎧ ⎫−⎡ ⎤ ⎡ ⎤+ ⎪ ⎪= +⎨ ⎬⎢ ⎥ ⎢ ⎥⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭
 
[ ]
[ ] ( ) ( )1 2
2
2
1 0 0 11 cos ln sin ln (62 )
0 1 1 02
ˆuW r r r cθ π
κ κ ε εµ=−
⎧ ⎫−⎡ ⎤ ⎡ ⎤+ ⎪ ⎪= +⎨ ⎬⎢ ⎥ ⎢ ⎥− −⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭
 
( ) 1 20
1 1
2 21 cos( ln ) sin( ln ) (62 )
1
2 2
ˆ
1
tW r r r dθ
ε ε
ε ε
ε
κ
ε
−
=
⎧ ⎫⎡ ⎤ ⎡ ⎤− − −⎪ ⎪⎢ ⎥ ⎢ ⎥⎪ ⎪= + +⎢ ⎥ ⎢ ⎥⎨ ⎬⎢ ⎥ ⎢ ⎥⎪ ⎪− − −⎢ ⎥ ⎢ ⎥⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭
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and the boundary integral representation (8) is rewritten for Domain α as 
[ ] ][
] ] ] ][ [ [ [ [ [, ] ]( ) ( ) ( ( ) ( ) ( ) ( , ) ( ) ( ) ) (63)u tξ xij j ij jk ij jkk k
S S
C u F )W x v x dS x G x W x s x dS(x
α α
α α α α α αξ ξ ξ+ =∫ ∫  
 
5.  Non-standard Gaussian quadrature 
In addition to the usual ln r  and 1/ r  terms that appear in (8), the evaluation of integrals in 
(28) and (63) involve singular terms involving cos( ln )r rγ ε , sin( ln )r rγ ε , ln cos( ln )r r rγ ε  and 
ln sin( ln )r r rγ ε , where 1 2γ = ± . Therefore, special Gaussian quadrature formulas with non-
classical weights ( )W x  are developed, such that 
( ) ( ) ( )1
10
(64)
N
j j
j
W x f x dx w f x
=
= ∑∫  
The development of these N-point formulas requires determining sets of abscissas jx  and 
weights jw  and follows concepts presented in Press et al. (1992). 
 
The idea is based on the set of orthogonal polynomials ( )jp x  with respect to the weight 
function  ( )W x  with recurrence relation 
( )1 0 (65 )p x a− =  
( )0 ( 5 )1 6p x b=  
( ) ( ) ( ) ( )1 1        0,  1 (6,  2, ) 5j j j j jp x x a p x b p x j c+ −≡ − − = ?  
where 
       0,  1, (6 ) 6j jj
j j
x p p
a j a
p p
= = ?  
1 1
    1,  2,  (66 )j jj
j j
p p
b j b
p p− −
= = ?  
The coefficient 0b  is arbitrary, and is taken here as zero. The symbol f g  represents the scalar 
product of functions ( )f x  and  ( )g x  with respect to the weight function ( )W x  over the interval 
( )0,  1 , that is 
( ) ( ) ( )1
0
(67)f g W x f x g x dx= ∫  
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For Gaussian quadrature, the abscissas of the N-point formulas with weighting function ( )W x  
are the roots of the orthogonal polynomial ( )Np x . Once we know the abscissas 1, ,  Nx x? , we 
can find the weights jw , 1, ,  j N= ? .  However, when the recurrence relations (65) are known, 
the best way to find these roots is using the algorithm of Golub and Welsch (1969), which shows 
the roots are the eigenvalues of the symmetric tridiagonal Jacobi matrix J  defined by 
0 1
1 1 2
2 12
1 1
(68)
N NN
N N
a b
b a b
a bb
b a
− −−
− −
⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
J ? ?  
Then, the abscissas jx  of the Gaussian quadratures are the eigenvalues x  of the eigenproblem 
(69)x=ψ ψJ  
where jψ  is the eigenvector corresponding to the eigenvalue jx . If this eigenvector is  
normalized so that 1• =ψ ψ ,  the corresponding weights are 
2
0 1 (70)j jw ψµ=  
where 
( )10
0
(71)W x dxµ = ∫  
and 1jψ  is the first component of jψ .  
 
For a non-standard weight function, the orthogonal polynomial ( )jp x  and the coefficients 
ja  and jb  of the recurrence relations (65) are not known beforehand. An efficient way to find 
these is by using Sack and Donovan (1972) method, which uses known orthogonal functions 
( )j xπ  with known recurrence relations analogous to (65) as 
( )1 0 (72 )x aπ− =  
( )0 (7 )1 2x bπ =  
( ) ( ) ( ) ( )1 1        0,  1,  2, 7 ) ( 2j j j j jx x x x j cπ α π β π+ −≡ − − = ?  
Here the coefficients jα  and jβ  are known explicitly, along with the modified moments 
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( ) ( )1
0
     0,1, ,2 1 (73)j j x W x dx j Nν π= = −∫ ?  
An efficient algorithm by Wheeler (1974) can be used to find ja and jb  is via a set of 
intermediate quantities 
,           , 1 (74)k l k lp k lσ π= ≥ −   
Press et al. (1992) define the algorithm as follows.  First, initialize 
1, 0      (75 )    1,2, ,2 2l l N aσ − = = −?  
0,           (0,1, ,2 )1 75l l l N bσ ν= = −?  
1
0 0
0
(75 )ca να ν= +  
0 ( )0 75b d=  
Then, for 1,2, , 1k N= −? , we compute 
( ), 1, 1 1 1, 1 2, 1, 1      , 1 (, ,2 1 76)k l k l k l k l k k l l k la b l k k N kσ σ α σ σ β σ− + − − − − − −= − − − + = + − −?  
Finally, we obtain 
1, , 1
1, 1 ,
(77 )k k k kk k
k k k k
a a
σ σα σ σ
− +
− −
= − +  
,
1, 1
(77 )k kk
k k
bb
σ
σ − −=
 
Here, for auxillary orthogonal polynomials ( )j xπ , we choose the shifted Legendre polynomials 
in monic form 
( ) ( )( ) ( )
2!
2 1
2 !
(78)j j
j
x P x
j
π = −  
where the  
( ) ( ) ( )( ) ( ) ( )20 (7
!
2 1 1 )
! !
9
jj k
j
k
j k
P x x
k j k=
+− = − −∑ −  
are orthogonal in the interval ( )1 ,0 .  Therefore, 
( )
( ) ( ) ( )
( )
( ) ( )
2
20
! !
1 (8
! !
)1
2 !
0
jj k k
j
k
j j k
x
j k j k
π
=
+= − −∑ −
 
For this case, the coefficients jα  and jβ  in the recurrence relation (72) are 
 21
1        0,  1,  1 )
2
(8j j aα = = ?  
( )21      (811,  2,  4 )4j j bjβ −= =− ?  
and 0β  is taken to be zero.  
 
For the our present cases with weighting functions 
( ) cos( ln )
sin( l
( )
n
2
)
8
x x
W x
x x
γ
γ
ε
ε
⎧⎪= ⎨⎪⎩
 
the modified moments jν  can be obtained by using the complex weight function 
( ) (83)iW x xγ ε+=  
Therefore, the complex modified moment is 
( )1
0
     0,1, ,2 1ij j x x dx j N
γ εν π += = −∫ ?  
( )
( ) ( ) ( )
( )
( ) ( )
21
200
! !
1 1
2 ! ! !
jj k k i
j
k
j j k
x x dx
j k j k
γ εν +
=
+= − −∑∫ −
 
( )
( ) ( ) ( )
( )
( ) ( )
2 1
20 0
! !
1 1
2 ! ! !
jj k k i
j
k
j j k
x dx
j k j k
γ εν + +
=
+= − −∑ ∫−
 
( )
( ) ( ) ( )
( )
( ) ( )
2
20
(84
! ! 11 1
2 ! 1! !
)
jj k
j
k
j j k
j k ik j k
ν γ ε=
+= − −∑ + + +−
 
and finally 
( )
( ) ( ) ( )
( )
( ) ( ) ( ) ( )
2
2 2 22 20
! ! 11 1
2 ! !
(85)
! 1 1
jj k
j
k
j j k k i
j k j k k k
γ εν γ ε γ ε=
⎡ ⎤+ + +⎢ ⎥= − − −∑ ⎢ ⎥− + + + + + +⎣ ⎦
 
The real and imaginary parts of this complex expression are the required modified moments.  
Thus, 
( )
( ) ( ) ( )
( )
( ) ( ) ( )
( )
( ) ( ) ( )
( )
( ) ( ) ( )
2
2 2 20
2
2 2 20
! ! 11 1
2 ! ! ! 1
! !
1 1
2
(
!
6
!
8
!
)
1
jj k
k
j
jj k
k
j j k k
j k j k k
j j k
j k j k k
γ
γ ε
ν
ε
γ ε
=
=
⎧ + + +⎪ − −∑⎪ − + + +⎪⎪= ⎨⎪ +⎪− − −∑⎪ − + + +⎪⎩
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Similarly, the modified moments for the cases  
( ) ln cos( ln )
ln sin( ln
87)
)
(
x x x
W x
x x x
γ
γ
ε
ε
⎧⎪= ⎨⎪⎩
 
are obtained by using the complex weight function 
( ) (8 )ln 8iW x x xγ ε+=  
Therefore, the corresponding complex modified moment can be written 
( )
( ) ( ) ( )
( )
( ) ( )
21
200
! !
1 1 ln
2 ! ! !
jj k k i
j
k
j j k
x x xdx
j k j k
γ εν +
=
+= − −∑∫ −
 
( )
( ) ( ) ( )
( )
( ) ( ) ( )
2
2 20
! ! 11 1
2 ! ! ! 1
jj k
j
k
j j k
j k j k k i
ν γ ε=
⎡ ⎤+ ⎢ ⎥= − − −∑ ⎢ ⎥− + + +⎣ ⎦
 
( )
( ) ( ) ( )
( )
( ) ( )
( )
( )
( )
( )
2 2 2
2 2 2 220 2
! ! 1 2 1
1 1
2 ! ! ! 11
(89)
jj k
j
k
j j k k k
i
j k j k kk
γ ε γ εν γ εγ ε=
⎡ ⎤⎢ ⎥+ + + − + += − − − +∑ ⎢ ⎥− + + +⎡ ⎤⎢ ⎥+ + +⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦
 
The real and imaginary parts of this complex expression are the desired modified moments.  
Thus, 
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Knowing coefficients jα , jβ  and modified moments jν  from (86) and (90) , we can obtain 
the coefficients ja  and jb  via intermediate quantities ,k lσ . Then, by forming the corresponding 
Jacobi matrix J  in (69), the set of abscissas jx  and weights jw  are determined by solving the 
corresponding eigenvalue problem.  These non-standard Gaussian quadrature formulas are then 
used to evaluate the singular integrals appearing in (28) and (63).  Additionally, in order to 
maintain accuracy, sub-segmentation must be used for elements containing kernel and crack tip 
singularities at multiple nodes. 
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6.  Numerical examples  
6.1. Introduction 
In this section, several example problems will be presented to illustrate the performance of 
the proposed methodology.  The examples include both single material and bi-material interface 
problems of linear elastic fracture mechanics.  The final example involves analysis of an epoxy-
steel butt joint to determine the scaling behavior.  Solutions are then compared with results from 
the physical experiments by Reedy and Guess (1993, 1997). 
 
6.2. Problem 1: Circular elastic sector  
As an initial example, consider the elastic circular sector bonded to a rigid half-space along 
the positive 1x -axis, as defined in Fig. 3.  Dirichlet boundary conditions, associated with the 
eigenmode for 0n = , are specified on the entire outer circumference at ar = , such that the 
analytical solution all along the bonded interface becomes 11 =s  and 12 =s .  Consider first the 
case with 1a = , 1µ =  and 0.30ν = .  Then, from (22), 0.0935492ε =  and the complex stress 
intensity factor from (27) becomes 1 2 4.16586 2.85270iKK K i+ −== . 
 
A total of eighty-six quadratic boundary elements are employed for the numerical analysis.  
The results provided in Fig. 4 show the variation of weighted traction components 1s  and 2s  
along the interface and indicate that very accurate solutions are obtained with the present 
boundary element formulation.  Detailed quantitative comparisons of weighted crack tip tractions 
and stress intensity factors are presented in Tables 1 and 2, respectively.  The latter table includes 
results for 0.30ν =  and for the incompressible case with 0.50ν = .  All of these data reveal that 
the present boundary element solutions are accurate to approximately four digits. 
                                    
Fig. 3. Problem 1 Circular sector definition 
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Table 1. Problem 1 weighted tractions at tip ( 1, 0, .301a µ ν == = ) 
 1(0)s  2 (0)s  
Exact 1.0000 1.0000
BEM (weighted tractions) 0.99997 1.0000
 
 
Table 2. Problem 1 stress intensity factors ( , 11a µ= = ) 
0.30ν =  1K  2K  
Exact 4.16586 -2.85270 
BEM (weighted tractions) 4.16584 -2.85259 
BEM (crack opening displacements) 4.16603 -2.85250 
0.50ν =  1K  2K  
Exact 2.50663 -2.50663 
BEM (weighted tractions) 2.50688 -2.50650 
BEM (crack opening displacements) 2.50683 -2.50658 
 
 
 
                                         
                 Fig. 4. Problem 1 circular sector results ( 1, 0, .301a µ ν == = ) 
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6.3. Problem 2: Elastic square plate 
The second example problem involves a square plate perfectly bonded to a rigid half-space 
along a portion its lower edge.  All problem parameters are provided in Fig. 5.  
 
Fig. 5.  Problem 2 square plate definition 
 
Results of a convergence study are provided in Fig. 6.  Here the weighted traction 
components 1s  and 2s  are plotted versus distance r  from the crack tip.  Mesh A contains only 
eighteen quadratic boundary elements to model the entire plate, while each refinement to create 
Mesh B and then Mesh C involves a doubling of the number of elements.  The overall 
convergence is evidently quite good.  However, a more detailed view for 2( )s r  is presented in 
Fig. 7 for nodes near the crack tip.  Two additional levels of refinement are also included, again 
with a doubling of the number of elements between the levels.  A clear picture of the convergence 
is apparent in this latter figure. 
 
Fig. 6.  Problem 2 weighted tractions convergence study 
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Fig. 7.  Problem 2 weighted traction 2s  solutions near crack tip 
 
6.4. Problem 3: Bonded elastic circular sectors 
The third problem involves a cracked interface between two dissimilar elastic circular sectors, 
as illustrated in Fig. 8.  For this problem, two cases were considered involving the specification of 
either Dirichlet or Neumann boundary conditions for the first singular eigenmode with 
0 1/ 2 iλ ε= − .  Furthermore, we consider  ( )1 0 1 1A i= + , such that 
1
2
1
1
s
s
⎧ ⎫ ⎧ ⎫=⎨ ⎬ ⎨ ⎬⎩ ⎭⎩ ⎭
 
along the entire bonded portion of the interface. 
 
In the boundary element model, each region again utilizes eighty-six quadratic elements, as in 
the sector model for Problem 1.  Weighted traction results shown in Figs. 9 and 10 indicate that 
very good accuracy is obtained, although for this bi-material problem the maximum interface 
error of approximately 0.2% is significantly greater than for the corresponding single material 
analysis. For the Dirichlet problem, the weighted boundary element tractions obtained at the 
crack tip are 1 1.0000s =  and 2 1.0001s = , thus providing four digits of accuracy.  Meanwhile, for 
the Neumann problem, 1 0.99926s =  and 2 0.99910s =  at the crack tip. 
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Fig. 8.  Problem 3 bi-material sector definition 
 
 
 
Fig. 9.  Problem 3 bi-material sector results for Dirichlet boundary conditions 
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Fig. 10.  Problem 3 bi-material sector results for Neumann boundary conditions 
 
6.5. Problem 4: Bonded elastic rectangular plates 
As a fourth example, we consider two bi-material plate problems analyzed in the literature.  
The first case involves the problem studied by Raveendra and Banerjee (1991), as defined in Fig. 
11.  The weighted traction results from a boundary element convergence study are displayed in 
Fig. 12.  Here the coarse mesh utilizes sixty-seven quadratic elements for each domain, while the 
fine mesh employs exactly twice as many elements.  Notice that very good convergence of the 
boundary element solutions is obtained.  Converting these results to stress intensity factors using 
(58) for weighted tractions and (13) for crack opening displacements, we obtain the results shown 
in Table 3.  The Raveendra and Banerjee (1991) solution was obtained using a boundary element 
formulation that employed a standard 1/2r−  traction singular approach, along with (13) to 
estimate the stress intensity factor from the resulting crack opening displacements. 
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Fig. 11.  Problem 4 bi-material plate definition (Raveendra and Banerjee, 1991) 
 
 
Fig. 12.  Problem 4 weighted traction convergence study results 
 
Table 3. Problem 4 stress intensity factors for the Raveendra and Banerjee problem  
 1K  2K  
Raveendra and Banerjee (1991) 211.74 16.67 
BEM (coarse mesh - weighted tractions) 213.61 14.00 
BEM (fine mesh - weighted tractions) 213.74 14.06 
BEM (coarse mesh - crack opening displacements) 213.31 14.46 
BEM (fine mesh - crack opening displacements) 213.64 14.37 
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For the second case, we consider the central crack bi-material plate example presented by 
initially by Yuuki and Cho (1989).   In this problem, 1 10µ = , 1 0.3ν = , 2 1µ = , 2 0.3ν = , 2a w=  
and 2w h= .  Results are presented in Table 4 in comparison with the boundary element solutions 
by Yuuki and Cho (1989) and Lim et al. (2002).  Here the Lim et al. (2002) non-dimensional 
stress intensity factor F  is used for comparison, where 
( )
1/2
1/22
(91)
iKaF
ε
π
− +
=   
 
Notice that convergence of the present weighted traction boundary element formulation is 
quite good with both mesh refinement and overall problem scale (i.e., variation of a ).  The 
converged magnitude of F  is within 4% of the previously reported solutions, although the ratio 
2 1/F F  is significantly different.  As a further comparison, the non-dimensional stress intensity 
factor obtained using the Raveendra and Banerjee (1991) approach is included in the table for two 
different levels of mesh refinement. 
 
Table 4. Problem 4 non-dimensional stress intensity factors for the Yuuki and Cho problem  
 a  m  1F  2F  
Yuuki and Cho (1989) - 98 0.822 -0.0974 
Lim et al. (2002) - 14 0.816 -0.102 
BEM (mesh A - weighted tractions) 0.25 14 0.787 -0.052 
BEM (mesh B - weighted tractions) 0.25 28 0.795 -0.044 
BEM (mesh C - weighted tractions) 0.25 56 0.796 -0.044 
BEM (mesh D - weighted tractions) 0.25 112 0.797 -0.044 
BEM (mesh D - weighted tractions) 0.50 112 0.797 -0.044 
BEM (mesh D - weighted tractions) 1.00 112 0.798 -0.044 
BEM (mesh E - weighted tractions) 0.25 224 0.797 -0.045 
Raveendra and Banerjee approach 0.25 56 0.791 -0.053 
Raveendra and Banerjee approach 0.25 112 0.792 -0.052 
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6.6. Problem 5: Epoxy-metal butt joint 
For the final example, we consider the problems of epoxy-steel and epoxy-aluminum butt 
joints loaded in tension.  Figure 13 depicts the case with steel adherends, based upon physical 
experiments conducted by Reedy and Guess (1993, 1997) on cylindrical specimens.  In their 
work, Reedy and Guess studied the dependence of joint strength on bond thickness and found that 
thinner adhesive layers provided enhanced strength, as is well known from common experience.  
More importantly, their quantitative analysis led to the discovery that the strength-thickness 
variation followed power law behavior with an exponent close to that of the free-edge elastic bi-
material corner singularity.  Thus, for the epoxy-steel joint, the analytical exponent is 
1 0.30cλ − ≈ − , where cλ  represents the eigenvalue obtained from a bi-material wedge (Bogy, 
1971). The corresponding exponent for the epoxy-aluminum joint is 0 271 .cλ ≈ −− . In previous 
work, we developed a weighted traction axisymmetric boundary element formulation for fully 
bonded bimaterial interfaces and then confirmed that the generalized stress intensity factor (or 
weighted traction tφ ) versus bond thickness for these epoxy-steel butt joints does indeed follow 
power laws with exponent 1 cλ−  (Dargush and Hadjesfandiari, 2004). 
 
 
Fig. 13.  Epoxy-steel butt joint problem definition (Reedy and Guess, 1993) 
 
While this approach successfully approximates the characteristic power law behavior of the 
bonded joints, there are some concerns. First, the generalized stress intensity factor (or similarly, 
tφ ) does not relate directly to energy release rates. Consequently, it is difficult to connect tφ  to 
the initiation or propagation of an interface crack that may lead to failure.  Secondly, the critical 
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amplitude of the generalized stress intensity factor (or crt
φ ) depends upon the two interfacing 
materials and also on the local geometry at the free edge.  For example, if the angle between the 
interface and free edge were to change from / 2π , then the singularity exponent 1cλ −  would 
change, along with the critical amplitude crt
φ .  Thus, physical testing would be required to 
establish crt
φ  for each geometric configuration. 
 
As an alternative approach, here we postulate small edge cracks on the interface and then 
investigate the scaling behavior of the complex stress intensity factor (or weighted tractions (0)s ) 
as a function of the thickness 2h  of the adhesive, under conditions of plane strain.  For the 
boundary element analysis, we impose quarter symmetry and use two levels of mesh refinement 
to examine convergence for small edge cracks with length 0.010a = mm.  The coarse mesh 
employs sixty-four quadratic elements to represent the epoxy half-layer, along with sixty-eight 
elements for the adherend.  The fine mesh includes exactly twice as many elements.  For the 
epoxy elastic material properties, 3.5E = GPa and 0.35ν = , while for steel 207E = GPa and 
0.30ν = .  As a result, from (5), 0.07182ε = .  Meanwhile, for aluminum, 69E = GPa and 
0.33ν = , which leads to 0.06687ε = . 
 
Weighted tractions obtained from the present boundary element formulation at the crack tip 
are shown in Fig. 14a for the epoxy-steel case and in Fig. 14b for epoxy-aluminum connections. 
In each case, results from the coarse mesh and fine mesh are indistinguishable from each other in 
the scale of these figures.  Interestingly, we find power law behavior for the variation of stress 
intensity factor (or weighted tractions) versus bond thickness with exponents of approximately 
0.33  for steel adherends and 0.29  for the epoxy-aluminum butt joint.   
 
Meanwhile, Figures 15a and b provide the joint strength versus bond thickness data obtained 
by Reedy and Guess (1997) in their physical experiments.  Although there is significant 
variability in the experiments, the epoxy layer thickness effect on joint strength is clearly evident.  
Included in the figures are power law regressions that indicate approximate slopes of 0.35−  and 
0.26−  for the steel and aluminum adherends, respectively.    If we assume that failure occurs at a 
given critical value of the weighted tractions (or complex stress intensity factor), then the 
experimental results are reasonably consistent with the present boundary element solutions, which 
would provide slopes of 0.33−  for epoxy-steel butt joints and 0.29−  for the epoxy-aluminum 
 33
interfaces.  This naturally suggests that the present boundary element formulation may useful in 
estimating the scaling behavior of such joints. 
 
Fig. 14.  BEM weighted tractions for edge crack 0.010a = mm (a) Epoxy-steel butt joint 
 
 
Fig. 14.  BEM weighted tractions for edge crack 0.010a = mm (b) Epoxy-aluminum butt joint 
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Fig. 15.  Butt joint experimental results (a) Epoxy-steel specimens (Reedy and Guess, 1997) 
 
 
 
Fig. 15.  Butt joint experimental results (b) Epoxy-aluminum specimens (Reedy and Guess, 1997) 
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7.  Conclusions 
In this paper, a boundary element formulation and numerical implementation is developed to 
determine the complex stress intensity factors for cracks on bi-material interfaces.  The boundary 
element method formulated previously in (Raveendra and Banerjee, 1991) ignores the sub-
element level log-periodic oscillations and therefore provides only approximations to the linear 
elastic bi-material fracture mechanics problem.  The more recent work by Lim et al. (2002) 
considers only partially all of the kernel singularities.  On the other hand, the present 
methodology addresses these contributions in a more rigorous manner and provides highly 
accurate numerical solutions to the underlying mathematical problem, as demonstrated through a 
number of rigorous numerical examples.  A final application to strength analysis of epoxy-metal 
butt joints suggests that the method may be useful in estimating the scaling relations that result 
from the presence of bi-material interfaces. However, we must caution that the present 
formulation is, of course, an approximation and, for example, the linear theory does entail small- 
scale interpenetrations of the crack surfaces near the tip. 
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